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1 11
Example. Find the inverse of [2 3 2
3 8 2
Solution: We do
1 1 1{1 00 11 111 00 (1 1
23201 0l—=1]01 0|-210|=101
3 8 2|00 1 05 —-1/-3 01 [ 0 0
1 0
— 10 1
[ 0 0
We conclude that
10 -6 1
At=1-2 1 0
-7 5 -1

Indeed, it can be verified that AA™' = A~'A = 1.

e OBS: A and B € R™" both invertible. Then AB is also invertible, and (AB)~! = B~'A™!.

Proof. Note that

(AB)(B'A™Y) = ABB A = ATA™ = AA' =]

Similarly,

(B'AYAB)=B YA 'AB=B'IB=B"'B=1

proving the claim.
e Fact: A, B € R™™" such that BA = 1[. Then
(1) Both A and B are invertible.

(2) A '=B
(3) AB =1
e OBS:

R s e R Bl
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Definition: The determinant of a 2 x 2 matrix [Z ccl] is

a ¢

det {b d

1:ad—bc

a c

o [act: Let A = [b d

] € R?*2, Then A is invertible if and only if det A # 0. In this case we

have

1 d —c
A7 =
det det A [—b a}

Example: A = [1 , and therefore

1 9 } . Note that then we have det A =

e HR

SN

e OBS: The linear transformation corresponding to the rotation by € counter-clockwise has
matrix

sinf cos@

- [COS@ —sin@]
) =

If 0 = 3 then Ry/p = {_01 (1)]
Observe that

wfy e (1|2

=Va2+ b2V + d?sin b

o Fact: Let v,w € R?. Then

‘ det [v w] ‘ = Area of a parallelogram

HHEND OF CHAPTER 2%+*

Definition. Let f: X — Y. The image of f is
Im(f)={yeY:dx e X st. y= f(z)}
Example. f(z) = 2% f:R — R. Then Im(f) ={y € R:y > 0}.

Definition. Let vy, vs,..., v, € R". Then we define

span{vy, ve, ..., v} = {set of all linear combinations of vy, vs, ..., v}
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Recall that x is a linear combination of vy, ve, ..., v, is A1, A9, ..., A\, € R such that

T = MU+ A2 + - + N0y

1 1 5
Example. Let vy = [1| and v = | 0 |. Then x = 3v; + 2vy = |3]| is a linear combination of
0 -1 2

U1, V2.
Example. Let v € R™. Then

span{v} = {z € R" : . = \v, for some A € R} ={\v: \ € R}

e OBS: If v; is not a multiple of vy and v, is not a multiple of vy, then span{v;, vy} is the plane
that contains vy, v, and the origin.

Let T : R* — R¥ be a linear transformation. Let A € R¥*™ be its matrix, i.e., T(z) = Az, Vz € R".
Then

Im(f)={yeR:y=T(2)} = {T(z) : x € R"} = {Az : z € R"}

T
x
Let A = [Al Ay ... An}, with A; being the jth column of A, and let x = ,2 . Then

Tn

L1 L1

) T -

=1
Tn, Tn ’

=span{A, Ay, ..., A}
e OBS: T'(x) = Az. Then Im(T) = span{columns of A}
Definition. Im(A) = span{columns of A}.

2 -1 —1
Example. Let A= |1 0 |. Letv= |1 |. Doeswv e Im(A)?
0 1 1
To answer this question, we attempt to solve the linear system
2 -1
U:$1A1+$2A2:I1 1 —|—ZL’2 0
0 1
—1] 2 -1
— |1 |=1]1 0 {xl}
1] [0 1]t
Applying Gaussian elimination, we obtain the augmented matrix
2 —1|—1] 2 -1 -1 2 —1|-1
1 0|1 -0 1/2/3/2 | —- |0 1/2]3/2
0 1|1 | 0 1 1 0 0 |—-2

implying 0 = —12, which implies that Az, 2o € R : v = 21 A; + 2945, It follows that v ¢ Im(A).

3
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e b= Ax is consistent <= b € span{columns of A} = Im(A), i.e., Az = b has at least one
solution <= b € Im(A).

Definition:

(1) Let T : R™ — R* be a linear transformation. The Kernel of T is defined as

ker(T) ={z € R" : T(z) = 0}

(2) Let A € R*™, Then ker(A) = {z € R": Az = 0}.
e OBS: 0 € ker(T), or equivalently, 0 € ker(A).

1 -1 0

Example. Find the kernel of A = [O 11

]. We solve the system Az = 0. Using row

operations we have

1—100_>1010_>1—100
0 1 110 1110 0 1 110

Then we set x1 = —t, 19 = —t and x3 = t, for any t € R. It follows that

—t —1
r=|—t| =t|-1 (1)
t 1

Therefore, as any solution x to the system Az = 0 is of the form in (1), we conclude that

—1
ker(A) =span ¢ [—1
1

1.2 Lecture 2

Summary of lecture 1:

o ker(A)={x: Az =0} C R"

o Im(A)={y:3x:y= Az} CR"

o AcR¥" T(z)= Ax. Then ker(T) = ker(A), and Im(T) = Im(A).
Facts:

e A€ RM". Then ker(A) = {0} <= rank(A4) = n.

o If ker(A) = {0}, then rank(A) =n < k.

e Let k =n. Then ker(A) = {0} <= A is invertible.
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In sumary: Let A € R™™"™. The following statements are equivalent:
e A is invertible.

e The linear system Ax = b has a unique solution, Vb.

o rref(A) = 1.

e rank(A) =n.

e Im(A) =R"

o ker(A) = {0}.
Definition. Let S C R". S is called a subspace of R™ if:
(1) 0e S

2) vyweS = v4+wels

B)veSAeR = lweS

Examples.

(1) S = {0} is a subspace.

(2) S =R"is a subspace.

(3) Let v € R™. The smallest subspace that contains v is the line L = {\v : A € R}. Indeed,
(a) 0 € L, since 0 =0 x v.

(b) Let wy,ws € L. Then wy = A\v,ws = Ayv, and therefore wy + wy = (A + A2)v € L, since
AL+ Ay € R.

(¢) Let w € L and 8 € R, then w = Av, and therefore fw = (fA\)v € L, since S € R.

(4) Let vy;,vs € R™ Then the smallest subspace of R that contains v; and vy is the plane
P = {plane that contains vy, vy and 0}.

(5) S ={(x,y): 2*> +y*> =1} C R? is not a subspace.
(6) S ={(z,y):y=2x*} CR?is not a subspace.

Theorem: Let A € R¥*™. Then ker(A) is a subspace of R, and I'm(A) is a subspace of R*.
Proof. 1t suffices to verify the definition of subspace. Indeed,

(1) Ax0=0, and thus 0 € ker(A).

(2) Let vy,vy € ker(A). Then Av; = Avy = 0, and therefore A(vy + v9) = Avy + Avg = 0 =
vy + vg € ker(A).

(3) Let v € ker(A) and A € R. Then A(Av) = AM(Av) = A x 0 = 0. Then \v € ker(A).
We conclude that ker(A) is a subspace of R”. Similarly for Im(A),
(1) As 0 € R™ is such that A x 0 = 0, we have that 0 € Im(A).



MATH 4305 Linear Algebra Fall 2017
Ramon Auad M.S. in Operations Research

(2) Let wy,wy € Im(A). Then Jvy, vy € R" : wy = Avy and wy = Avy. It follows that wy + wy =
Avy 4+ Avy = A(vy 4 vg). Since vy +v9 € R™, then Jv = vy + vy € R™ : wy + wy = Av, implying
that wy +wy € [m(A)

(3) Let w € Im(A) and A € R. Then Jv € R" : w = Av. It follows that A\w = A\(Av) = A(\v).
As A € R", then Fv' = A € R" : Aw = Av' = A(\v), following that Aw € Im(A).

concluding the proof.

Recall: Let vy,...,v, € RF. Then span{vy,...,v,} = {d.1 \v; : A\; € R} is a subspace, since

span{vi, ..., v} = {> 1 Av; : A € R} = Im([m vy - vn])
Definition. Let vy,...,v, € R". The set {vy,...,v,} is linearly independent (or equivalently,
the vectors vy, ..., v, are linearly independent) if
x4+ 420, =0 = rn=1=---=2,=0
OBS:
e Note that
T
[vl vr] P B V) i Y P8
m’!’

Then vy, ..., v, are linearly independent if and only if ker([v; ...v,]) = {0}.

e Assume vy,...,v, is linearly dependent (not linearly independent). Then we can have
Yoy zv; = 0 and x, # 0, for some k € {1,...,r} (can be multiple indices k). Let [
be the largest of them (i.e., [ is such that z; # 0 and z; =0,Vi € {{+1,...,r}. Then

T l 1 -1
E v, =0 = g 0, =0 = vy =—— g T;0;
i=1 i=1 Tt 1=1

® vy,...,u, are linearly dependent if and only if there exists [ € {1,2,...,r} such that v, is a
linear combination of vy, ve,...v;_1.

e Let v € R". When is v linearly independent? Note that for x € R", xv =0 <= x =0 or
v = 0. Thus v is linearly independent if and only if v # 0.

o Let vy,vy € R", with vy # 0, vy # 0 (if one of them is 0, then any set of vectors containing
that vector is linearly dependent).
v1, vy are linearly dependent if and only if one of them is 0, or vy is a multiple of vy, i.e.,
vy = vy, for some X\ € R.

Definition. Let S C R™ be a subspace. We say the set {v1,vs,...,v,} is a basis of S if:
(1) S = span{vy,...,v.}.
(2) {vi,...,v.} is linearly independent.
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Given a subspace S, we would like to obtain a basis of such S. it can be noted that we can be
given a subspace S in terms of the kernel (as a set of solutions to an homogeneous linear system
of equations), or as the image of a matrix (if we are given a set of vectors that span S).
Examples.

(1) S solutions to

ZE1+2$2—ZE3:0

$1+.T3:0
1 2 -1
thuSS—ker({1 0 1])
1 2 1 2
(2) Let S =spang |—1|,|1| p. Then S=Im | |-1 1
0 5 0 5



